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Abstract 
The validity of students’ reasoning is central to problem solving.  However, equally important are the 
operating premises from which students’ reason about problems.  These premises are based on students’ 
interpretations of the problem information.  This paper describes various premises that eleven- and 
twelve-year-old students derived from the information in a particular problem, and the way in which these 
premises formed part of their reasoning during a lesson.  The teacher’s identification of differences in 
students’ premises for reasoning in this problem shifted the emphasis in a class discussion from the 
reconciliation of the various problem solutions and a focus on a sole correct reasoning path, to the 
identification of the students’ premises and the appropriateness of their various reasoning paths.  Problem 
information that can be interpreted ambiguously creates rich mathematical opportunities because students 
are required to articulate their assumptions, and, thereby identify the origin of their reasoning, and to 
evaluate the assumptions and reasoning of their peers. 
 
Introduction 
Reasoning is central to mathematics and provides the cornerstone for working mathematically 
through the employment of logical thinking (Steen, 1999).  According to the National Council of 
Teachers of Mathematics [NCTM] (2000), reasoning is the conceptual tool for understanding 
mathematics at the real world and abstract levels: 
People who reason and think analytically tend to note patterns, structure, or regularities in 
both real-world situations and symbolic objects … Being able to reason is essential to 
understanding mathematics. (p. 56) 
Reasoning is also central to mathematical learning (Russell, 1999).  Thus, the achievement of a 
mathematical literate populace will be determined by our ability to educate students to reason 
effectively and to evaluate the reasoning of others (NCTM, 2000).  Teachers can facilitate the 
development of students reasoning ability and mathematical dispositions by promoting 
argumentation about mathematical ideas where students are required to explain and justify their 
ideas (Whitenack, & Yackel, 2002).    
In problem solving, reasoning involves identifying premises from the problem information 
and making inferences from these premises to reach a solution.  The premises are the stated or 
assumed basis from which reasoning proceeds.  The appropriateness of these inferences 
determines whether or not an individual’s reasoning is valid (Barwise & Etchemendy, 1995).  In 
a valid argument, if the premises are true the conclusion is true.  Thus, in problem solving, the 
correctness of a solution is determined by the verity of the premises, and the validity of the 
problem solving process.   
If a solution is incorrect, the source of the error is often assumed to be invalid reasoning, 
that is, incorrect inference-making.  However, an equally plausible source of error is the verity of 
the premises.  While students can make errors in deriving premises from problem information, it 
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is too simplistic to assume that there is only one single true set of premises from information in a 
particular problem.  Consider Sam and Sue’s hypothetical responses to the following problem.  
Their operating premises are shown in brackets.   
 
If a pack of 6 pens cost $6, how much will it cost to buy 1 pen? 
Sam: If six pens cost $6, then one pen would cost $1. (The pens are of equal value).     
Sue: It is usually cheaper to buy items in packs rather than as singles so one pen would cost 
more than $1. (Buying a single pen costs more than the average cost of a pen in a pack).   
 
The discrepancy in the students’ responses is due to differences in their initial operating 
premises, which are influenced by the role of the “world” in the relationship between language 
and mind in reasoning (Peirce, 1869).  Sam’s hypothetical response is valid because he has 
reasoned appropriately from the information given.  The world in which he interpreted the 
information was solely computational.  In contrast, Sue’s hypothetical argument was 
contextualized within her real “world” experience.  Thus, her response is equally plausible, given 
the contextual influences on thinking (Brown, Collins, & Duguid, 1989; Cobern, 1993; 
Sternberg, 1985).  For Sam and Sue to appreciate each other’s reasoning, they will need to 
understand each other’s “world view” of the problem in a similar way to two different cultural 
groups recognizing that their differing perspectives on a controversial issue (e.g., land rights) 
may be due to particular cultural world views.  
Mathematically gifted students, who are distinguished by the quality of their reasoning 
(Johnson, 1983), recognize the importance of the “world view” or operating system in their 
reasoning.  For example, these students may incorporate conditional “if-then” statements into 
their responses (e.g., Diezmann & Watters, 2001).  Thus, a gifted student’s hypothetical response 
to the pen problem might highlight alternative scenarios or “worlds” from which to reason.  
 
Sally: If the pens were sold singly then the cost would be $1, but if the pens were only sold in 
packets of six then the cost would be $6 because you will have to buy a whole packet of pens 
even though you only want one pen. 
 
This student’s hypothetical “if-then” response identified two possible worlds.  In the first world, 
pens are sold singly, but in the second world the pens are only sold in packets of six.  Thus, the 
student’s final solution will depend on which world or operating system is selected as the basis 
for reasoning.   
There are three approaches that teachers might take in relation to the operating premises in 
a problem.  These approaches are illustrated with reference to the preceding pen problem.  First, 
a teacher might specify the operating premises as part of the task instructions, for example, “We 
will assume that pens are only sold singly”.  In this case, the establishment of the operating 
premises is not part of the students’ reasoning and the students have no role in establishing the 
premises or evaluating the premises of others.  Second, a teacher might seek to establish the 
operating premises through class consensus at the commencement of the problem solving 
process.  After some discussion, the students might agree to base their solutions on the view that 
the “pens are only sold singly”.  Here, the students are explicitly engaged in determining the 
operating premises.  Any evaluation of alternative operating premises is relatively simple 
because it occurs prior to reasoning from the premises.  Third, a teacher might purposefully or 
inadvertently engage students in the solution of a problem from which they develop alternative 
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operating premises.  In the pen problem, the responses of Sam, Sue and Sally, illustrate 
differences in their operating premises.  The establishment of the operating premises after the 
problem solution is complex because the premises are embedded in the problem solutions and 
students might not explicitly articulate the premises when they explain their solutions.  Hence, 
students might have limited awareness of their own operating premises and might have difficulty 
identifying and evaluating the operating premises of others.  In the first approach, the operating 
premises would be part of the task as announced to the students, in the second and third 
approaches the establishment of the operating premises would be part of the task as implemented 
by the students (Henningsen & Stein, 1997).  The third approach is more cognitively challenging 
for students than the second approach but can also lead to rich classroom debate. 
When individuals are responsible for establishing their own operating premises, the ability 
to articulate, identify, and evaluate operating premises is highlighted.  Thus, an individual’s 
operating premises can be usefully separated out from the reasoning process and considered as 
an independent source of error.  The assertion that students might base their reasoning on 
different operating premises is fundamental to assessing and supporting students’ mathematical 
reasoning.  Before discounting the correctness of an atypical solution, such as Sue’s response in 
the pen problem, the appropriateness of the student’s operating premises should be checked.  If a 
student’s premises are true based on the information used and his or her reasoning is valid, then 
the solution should be accepted as correct.  Additionally, knowing whether the source of a 
student’s difficulty in problem solving is related to the use of inappropriate premises or to invalid 
reasoning enables the teacher to provide strategic assistance to the student.  Thus, identifying the 
specific source of an error and communicating this to the student supports sense-making in 
mathematics.   
The purpose of this paper is to investigate the assertion that different operating premises 
provide a plausible explanation for differences in solutions that cannot be attributed to invalid 
reasoning.  This investigation was undertaken by analysing a problem solving session that was 
characterized by sense-making, logical thinking, debate, and argumentation. 
 
Overview of the Problem-Solving Session 
The following problem solving session was part of a larger research study on students’ 
problem solving and reasoning.  This class consisted of 25 mixed-ability eleven- and twelve-
year-old students.  Within this classroom, there was an expectation of sense-making based on the 
use of logical thinking and a climate where debate and argumentation were the norm.  The data 
comprised video observations, researcher field notes, informal discussions with the teacher, and 
student work samples.   
In one component of the study, the students had been working on a series of 
mathematical problems in small groups over two approximately sixty minute mathematics 
lessons.  At the conclusion of each lesson, the teacher encouraged the students to share their 
solutions with the whole class and to reconcile their answers.  The students readily agreed on the 
correct answer for all problems except the Log Problem.  Due to the variety of answers produced 
for this problem, students’ difficulty reconciling these responses, their articulation of their 
interpretation of the problem, and the evidence of logical thinking, data from this session are 
ideal for examining the assertion that particular sets of operating premises provide a plausible 
explanation for differences in solutions that cannot be attributed to invalid reasoning.  Before 
reading on, try to find at least two solutions to the following Log Problem.   
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It costs sixty cents to cut a log into four pieces of equal length.  How much does it cost to cut a 
log into eight pieces of equal length? 
 
The teacher recorded students’ answers of 30 cents, 75 cents, 90 cents, $1.20, $1.40, and 
$1.80 on the blackboard, and determined the number of students who supported each of the 
answers.  The teacher then asked students with different answers to explain their reasoning to 
their classmates.  During students’ explanations, the teacher repeatedly emphasized logical 
thinking: “We’re thinking logic now aren’t we? … Actually it’s very logical what he’s doing … 
Yes, illogical thinking however”.  This emphasis was also evident in one student’s written 
explanation of the problem: “My basic logic told me to multiply 60 x 2”.  The teacher also 
encouraged students to critique each other’s solutions: “You know what – in all honesty – 
reading that question, I wouldn’t argue with the thinking of a few people… Anybody like to 
argue with Cathy about that? … A tricky question, who would like to contest Sharon’s 
statements in any way? Who’d like to argue with her or disagree with her?”  The teacher further 
stimulated the discussion of alternative solutions by including a further solution that the students 
had not previously considered. 
After students with different answers had explained their solutions, those students who had 
changed their answers during the discussion were invited to justify their decisions: “Who has 
changed their mind from their original answer?  … why Lisa keep going?”  During the 
discussion of solutions, the teacher also drew the students’ attention to the fact that they were 
interpreting the problem information differently and that this may be affecting their thinking:  
Do we presume its (the log has) already been cut into four (pieces) or do we presume that 
we’re talking about a whole log cut into four (pieces) and then again a whole log cut into the 
same size cut into eight (pieces) … Its how you interpret what it says here I guess that 
alters your thinking doesn’t it? (emphasis added) 
Finally, the teacher asked the students to record their final responses but again drew their 
attention to the interpretation of the problem:  
All right to finish off with, everybody underneath where you’ve just finished, talk to your 
partner next to you, tell them what you’re about to say to me, draw a picture of what you 
think that means and talk about it at the same time, how you interpret that question and 
draw a picture to show what you did (emphasis added).  If you have already finished, just 
talk about it. 
 
Differing Interpretations of the Problem Information 
An analysis of the discussions and solutions of the Log Problem revealed that students had 
variously interpreted three aspects of the problem information at the points indicated below.  The 
letter codes refer to particular aspects of the problem information, which are discussed in turn.   
 
It Ccosts sixty cents to cut a log into Dfour pieces of equal length.  How much does it cost to cut a 
Slog into eight pieces of equal length? 
 
S - Status of the log: Students interpreted the status of the log that was to be cut into eight pieces 
in two ways.   
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• S1.  The log was uncut: “You wouldn’t really get your log cut and then pay for it and 
then get it done again and then pay for it different (sic) again.” 
 
• S2.  The log was already cut into four pieces: “It said how much would it cost to cut this 
same log into 8 pieces of equal length so I was gathering that they had already done it 
(cut it into 4 pieces) for 60 cents so this would be what the cost of this (cutting the log 
into 8 pieces)”.  
 
C - Cost for cutting the log: There were three interpretations of the implications of a cost of 
“sixty cents to cut a log into four equal pieces”.  
 
• C1.  The “cost per cut” interpretation: “He cut it into 4 pieces, it only has 3 cuts and then 
its 20 cents for each cut”.   
 
• C2.  The “cost per piece” interpretation: “It’s 60 cents for 4 pieces.  So 8 pieces is $1.20.” 
 
• C3. The “one-off cost” interpretation: “How much will that cost me and he says 60 cents, 
that’s the way the question reads to me, the 60 cents (is) for the whole bit (a service 
charge for cutting the log irrespective of the number of cuts).   
 
While one or other of these interpretations may seem more appropriate than the others, as a 
student insightfully stated when countering an argument for a particular interpretation, the 
problem information does not exclude alternative interpretations: “It (the problem) doesn’t say 
each cut like (sic) costs a certain amount of money, it says (to) cut a log into 4 pieces it costs 60 
cents” (emphasis added). 
 
D - Direction of the log cuts: The students discussed and drew various combinations of three 
directions of log cuts, namely horizontal lengthwise cuts, vertical lengthwise cuts and vertical 
widthwise cuts (See Figure 1).   
 
Insert Figure 1 about here 
 
Students’ solutions to the problem depend on how they have interpreted the status of the log, the 
cost for cutting the log, and the direction of the cuts.  Thus, these interpretations become the 
operating premises for their reasoning about the problem.  The combination of particular 
operating premises (i.e., interpretations) related to the status of the log, the cost of the cuts, and 
the direction of the cuts produce a number of distinctive reasoning paths that students might 
follow to reach a solution.   
 
Operating Premises and Reasoning Paths 
The number of reasoning paths in any given problem can be determined by considering the total 
number of possible combinations of the operating premises.  In the Log Problem, there are two 
possible interpretations of the status of the log, three possible interpretations of the cost of the 
cutting of log, and three possible interpretations of the direction of the cuts on the log.  Thus, 
initially there appear to be 12 reasoning paths (status x 2; cost x 3; direction x 3).  However, only 
10 of these 12 reasoning paths are possible.  Two paths are excluded because the direction of the 
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cuts is not relevant if either a “cost per piece” or “one-off cost” perspective is adopted.  If a “cost 
per piece” perspective is adopted, the direction of the cuts is irrelevant because irrespective of 
the number of cuts, the cost is based on eight pieces of log, as specified in the problem 
information.  If a “one-off cost” perspective is adopted, the direction of the cuts is also irrelevant 
because the price is constant irrespective of the number of cuts that are required to cut the log 
into eight pieces.  The 10 possible reasoning paths are shown in Figure 2.  The arrows on the 
figure provide an example of one of the reasoning paths.  The path S1-C1-D1 means that an 
individual has argued or shown through his or her written work that the log is uncut (S1), that the 
cost is calculated per cut (C1), and has indicated that all cuts occurred in one direction (D1).  If a 
student reasons from one of these ten sets of premises consistently, then his or her argument is 
valid and the resultant answer should be accepted as correct.  Thus, these paths can be used to 
determine the set of acceptable answers to the Log Problem based on the possible reasoning 
paths.  The set of acceptable solutions based on the possible reasoning paths is 20c, 30c, 60c, 
80c, 90c, $1.20, and $1.40 (see Figure 2).  However, whether or not a particular solution is 
deemed to be correct depends on the student’s accompanying reasoning.      
 
Insert Figure 2 about here 
 
Students’ Solutions 
Students variously argued that the answer to the Log Problem was 30 cents, 75 cents, 90 cents, 
$1.20, $1.40 and $1.80.  Examples of students’ reasoning for each of their responses are now 
examined to determine which of these answers is acceptable in relation to the set of possible 
reasoning paths (see Figure 2).  No students gave solutions of 20c or 60c, which might also be 
correct based on the possible reasoning paths.   
 
Answer 30 cents 
Two students proposed an answer of 30 cents.  Sharon’s statement in class and her written work 
indicate that she used the path S2-C1-D3 (See Figure 3).  Thus, her answer was acceptable, 
because 30 cents is the resultant answer for this path.  
 
Insert Figure 3 about here 
 
 
Answer 75 cents 
Bob was the only student to propose an answer of 75 cents.  Although it was possible to 
determine his operating premises for the status of the log and the direction of the cuts, his 
operating premise for the cost structure was unknown (see Figure 4).  Thus, there are three 
possible valid reasoning paths involving C1 or C2 or C3 that Bob may have employed 
appropriately in the solution process.  The path S1-C1-D1 is rejected as it yields an answer of 
$1.40.  The remaining paths are S1-C2-D0 and S1-C3-D0.  D0 is used instead of D1 because 
direction is not applicable for C2 or C3.  As these paths yield answers of $1.20 and 60 cents 
respectively, Bob’s use of these paths is also rejected.  Given that there seem to be no reasoning 
paths, which Bob may have followed that would yield an answer of 75 cents, his answer does not 
appear to be the result of valid reasoning from particular operating premises.  Thus, the answer 
of 75 cents is considered to be incorrect.   
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Insert Figure 4 about here 
 
Answer 90 cents  
Four students reached an answer of 90 cents.  Evidence from Kate’s statement in class, and her 
written work indicate her use of the path S1-C1-D3, which yields an answer of 90 cents (see 
Figure 5).  Thus, this response is acceptable.   
 
Insert Figure 5 about here 
 
 
Answer $1.20 
Twelve students, including Candy, proposed the answer of $1.20.  Candy’s written work 
suggests that her reasoning path was S1-C2-D0 (see Figure 6).  Hence, $1.20 is correct, as it is 
the resultant answer from this path. 
 
Insert Figure 6 about here 
 
 
Answer $1.40 
Only two students, who worked together, proposed an answer of $1.40.  Lisa’s statements in 
class and Rose’s diagram indicate that they used the reasoning path S1-C1-D1 (see Figure 7).  
This answer is correct, as it is the resultant response from this path.   
 
Insert Figure 7 about here 
 
 
Answer $1.80 
Two students proposed an answer of $1.80 in their final written work.  Neither of these students 
expressed this response in class nor gave reasons for their response.  Hence, their reasoning paths 
cannot be examined.  However there was evidence in one student’s written work of a calculation 
error, namely that 60c x 2 = $1.80.  As none of the ten possible reasoning paths yield an answer 
of $1.80, the validity of these students’ response is rejected based on the existing evidence.    
In summary, the acceptable answers to the Log Problem based on valid reasoning from the 
set of reasoning paths and students’ responses are 30 cents, 90 cents, $1.20, and $1.40.  The 
responses of 75 cents and $1.80 were considered to be incorrect because they cannot be reached 
when different operating premises are considered and there was no evidence that students who 
proposed these responses used any acceptable alternative reasoning paths to those specified in 
Figure 2.   
Of the 25 students, 20 students proposed answers that indicated valid reasoning, three 
proposed unacceptable answers, and two students did not record their answers.  Because the 20 
successful students used four different reasoning paths, it is conceivable that a teacher might not 
have been aware of some of these paths and that those students using undetected paths might 
have been marked incorrect on the basis of their answer alone.  Subsequent work on this problem 
with groups of teachers in professional development sessions reveals that most teachers initially 
assume that the only reasoning path in the Log Problem is S1-C1-D1, and hence, $1.40 (see 
Figure 7) is the sole correct response.  For students whose answers may be the outcome of valid 
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reasoning, a lack of recognition of the origin of their reasoning mitigates against sense-making in 
mathematics.  For teachers, who are trying to support the development of mathematical 
reasoning in all students, it is essential to differentiate the support given to those students who 
have produced unacceptable answers through invalid reasoning and to those “successful” 
students who have produced atypical solutions.  While the former group might need to focus on 
the logic of their solution, the latter group might need to clearly articulate their operating 
premises and consider alternative premises.   
 
Conclusion 
The analysis of this problem solving session supports the assertion that differences in solution 
might be due to different operating premises rather than invalid reasoning.  This variation in 
solutions is acceptable when the students’ operating premises are consistent with the problem 
information and they have reasoned appropriately from these premises.  If the goal in problem 
solving is to reach a consensus, then students would need to reach an agreement about which 
operating premises are to be used at the commencement of the problem-solving process.  
However while the practice of establishing a “shared understanding” at the outset of problem 
solving has some merit, it can also limit the scope and value of mathematical discussions.  The 
ambiguity inherent in the Log Problem provided a rich opportunity for mathematical discussion 
and also provided the teacher with insights into her students’ thinking.   
Mathematical reasoning requires that students can engage fully in the mathematics of 
everyday life.  This involves an individual being able to articulate his or her own reasoning and 
appreciate that differences in solutions might be due to the origin of reasoning, that is the 
different operating premises that could be derived from particular world views.  Hence, in 
addition to providing opportunities for students to explain and justify their solutions to each 
other, problem-solving sessions should foster the ability to identify the operating premises of self 
and others, and to understand why there might be various correct solutions.  This is not to 
suggest an “anything goes” approach in problem solving, but rather, that the origin of reasoning 
(i.e., set of operating premises) is as fundamental to mathematical reasoning as is validity. 
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D1. All cuts were made in the same direction.  
For example, Rose only used vertical widthwise 
cuts.   
 
D2. Cuts were made in two directions.  For 
example, Adam used a horizontal lengthwise 
cut and a series of vertical widthwise cuts.   
 
D3. Cuts were made in three directions. For 
example, Kate used a horizontal lengthwise cut 
(1), a vertical lengthwise cut (2) and a vertical 
widthwise cut (3).  
 
 
Figure 1.  Examples of the directions of the log cuts. 
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 Status of 
log 
 Cost structure  Direction of cuts   Valid argument   Solutions 
          
     D1 1 direction  1. S1-C1-D1  $1.40 
   C1 cost per cut  D2 2 directions  2. S1-C1-D2  80c 
     D3 3 directions  3. S1-C1-D3  90c 
          
 S1 uncut  C2 cost per piece  *D0   4. S1-C2-D0  $1.20 
          
   C3 one-off cost  *D0   5. S1-C3-D0  60c 
          
     D1 1 direction  6. S2-C1-D1  80c 
   C1 cost per cut  D2 2 directions  7. S2-C1-D2  20c 
     D3 3 directions  8. S2-C1-D3  30c 
          
 S2 cut  C2 cost per piece  *DO   9. S2-C2-D0  60c 
          
   C3 one-off cost  *DO   10. S2-C3-D0  60c 
          
*The direction of the cuts is only relevant if a “cost per cut” perspective is adopted.  The code D0 indicates 
that direction is not applicable if either a “cost per piece” or “one-off cost” perspective is adopted. 
 
Figure 2.  Ten valid reasoning paths and the resultant solutions.  
 
 
 12
 
Operating premises Evidence of operating premises 
The status of the log 
was inferred to be cut 
(S2) 
 
“And I said that was 2 parts so I said all the cuts must be 30 cents each and 
so um I thought I’ll have to go half way to cut it evenly to 8 pieces and so 
that makes um 30 cents and I got my extra 30 cents because it said how 
much would it cost to cut this same log into 8 pieces of equal length so I 
was gathering that they had already done it (cut the log into 4 pieces) 
for 60 cents so this (cutting the log) would be what the cost of this”. 
The cost was 
determined per cut 
(C1) 
“All the cuts must be 30 cents each” 
 
The log was cut in 3 
directions (D3). 
 
 
Figure 3.  A solution of 30 cents. 
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Operating premises Evidence of operating premises 
The status of the log was inferred to 
be uncut (S1) 
The teacher commented during the session on Bob’s 
commencement with an uncut log.  
The cost was unable to be 
determined (C1 or C2 or C3) 
No explicit articulation of the cost structure in use 
The log was cut in 1 direction (D1).  
 
 
Figure 4.  A solution of 75 cents. 
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Operating premises Evidence of operating premises 
The status of the log was 
inferred to be uncut (S1) 
Kate responded affirmatively to the teacher’s query about whether her 
work was based on the original (uncut) log.   
The cost was determined 
per cut (C1) 
 
The log was cut in three 
directions (D3) 
 
 
Figure 5.  A solution of 90 cents. 
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Operating premises Evidence of operating premises 
The status of the log was 
inferred to be uncut (S1) 
Candy’s diagrams show the log first being cut into quarters and then 
eighths.   
 
The cost was determined 
per piece (C2) 
 
The number of cuts is 
irrelevant (D0) 
Not applicable 
 
Figure 6.  A solution of $1.20. 
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Operating premises Evidence of operating premises 
The status of the log 
was inferred to be 
uncut (S1) 
Lisa: “It never actually says in the question the log (to be cut into 8 pieces) 
was cut (to begin with)”.   
The cost was 
determined per cut 
(C1) 
Lisa: “We said that to cut, to have 4 pieces … it only has 3 cuts and then its 
20 cents for each cut so then to cut it into 8 pieces it would have 7 cuts, so 
that’s 20 by 7 so it’s $1.40” 
The log was cut in 1 
direction (D1) 
(Rose) 
 
Figure 7.  A solution of $1.40. 
 
 
